A C 0 B is an 2 × 2 upper-triangular operator matrix acting on the Hilbert space Ᏼ ⊕ and if σ e (·) denotes the essential spectrum, then the passage from σ e (A) ∪ σ e (B) to σ e (M C ) is accomplished by removing certain open subsets of σ e (A) ∩ σ e (B) from the former. Using this result we establish that quasisimilar (p,k)-quasihyponormal operators have equal spectra and essential spectra.
Introduction
Let Ᏼ and be infinite-dimensional separable complex Hilbert spaces and let ᏸ(Ᏼ,) be the set of all bounded linear operators from Ᏼ to . We abbreviate ᏸ(Ᏼ,Ᏼ) by ᏸ(Ᏼ). When A ∈ ᏸ(Ᏼ) and B ∈ ᏸ() are given we denote by M C an operator acting on Ᏼ ⊕ of the form
where C ∈ ᏸ(,Ᏼ). For bounded linear operators A, B, and C, the equality (1.4) and the equality
were studied by numerous authors. In [5, 10] , it was shown that if
) has no interior points, then (1.4) (or (1.5)) is satisfied for every C ∈ ᏸ(,Ᏼ). Recall [9] that an operator 
Recall that an operator A ∈ ᏸ(Ᏼ,) is called regular if there is an operator A ∈ ᏸ(,Ᏼ) for which A = AA A; then A is called a generalized inverse for A. In this case, Ᏼ and can be decomposed as follows (cf. [6, 7] ):
It is familiar [3, 7] that A ∈ ᏸ(Ᏼ,) is regular if and only if A has closed range. If Ᏼ and are Hilbert spaces and X : Ᏼ → is a bounded linear transformation having trivial kernel and dense range, then X is called quasiaffinity. If A ∈ ᏸ(Ᏼ), B ∈ ᏸ(), and there exist quasiaffinities X ∈ ᏸ(Ᏼ,), Y ∈ ᏸ(,Ᏼ) satisfying XA = BX, AY = YB, then A and B are said to be quasisimilar. Quasisimilarity is an equivalent relation weaker than similarity. Similarity preserves the spectrum and essential spectrum of an operator, but this fails to be true for quasisimilarity. Therefore it is natural to ask that for operators A and B such that A and B are quasisimilar, what condition should be imposed on A and B to insure the equality relation σ e (A) = σ e (B) (σ(A) = σ(B))?
It is known that quasisimilar normal operators are unitarily equivalent [2, Lemma 4.1]. Thus quasisimilar normal operators have equal spectra and essential spectra. Clary [1, Theorem 2] proved that quasisimilar hyponormal operators have equal spectra and asked whether quasisimilar hyponormal operators also have essential spectra. Later Williams (see [11, Theorem 1] , [12, Theorem 3] ) showed that two quasisimilar quasinormal operators and under certain conditions two quasisimilar hyponormal operators have equal essential spectra. Gupta [4, Theorem 4] showed that biquasitriangular and quasisimilar k-quasihyponormal operators have equal essential spectra. On the other hand, Yang [13, Theorem 2.10] proved that quasisimilar M-hyponormal operators have equal essential spectra, and Yingbin and Zikun [14, Corollary 12] showed that quasisimilar phyponormal operators have also equal spectra and essential spectra. Very recently, Jeon et al. [8, Theorem 5] showed that quasisimilar injective p-quasihyponormal operators have equal spectra and essential spectra. In this paper we give some conditions for operators A and B (A is left-Fredholm and B is right-Fredholm) to exist an operator C such that M C is Fredholm, and describe the essential spectra of M C . Using this result we establish that quasisimilar (p,k)-quasihyponormal operators have equal spectra and essential spectra.
Main results
We need auxiliary lemmas to prove the main result.
Lemma 2.1. For a given pair (A,B) of operators if
Proof. This follows at once from the observation that 
The following lemma gives a necessary and sufficient condition for M C to be Fredholm. This is a Fredholm version of [10, Lemma 4] . 
4 Essential spectra of quasisimilar operators
Since by assumption M C is Fredholm, we have 
Note that A and B are both regular, and so we suppose A = AA A and B = BB B. Then as in (1.7), Ᏼ and can be decomposed as
Then we have that C ∈ ᏸ(,Ᏼ), C() = (AA ) −1 (0), and C −1 (0) = B B(). We now claim that M C is Fredholm. Indeed,
which implies k = 0, and hence 10) and hence
The spaces in (2.9) and (2.11) are both finite dimensional. Thus M C is Fredholm. This completes the proof. Theorem 2.5. For operators A ∈ ᏸ(Ᏼ), B ∈ ᏸ(), and C ∈ ᏸ(,Ᏼ), there is equality
Corollary 2.4. For a given pair (A,B) of operators the following holds
where S is the union of certain of the holes in σ e (M C ) which happen to be subsets of σ e (A) ∩ σ e (B).
Proof. We first claim that, for every C ∈ ᏸ(,Ᏼ),
where ηC denotes the "polynomially convex hull," which is also the "connected hull" obtained [6, 7] by "filling in the holes" of a compact subset. Since by (2.15), σ e (M C ) ⊆ σ e (A) ∪ σ e (B) for every C ∈ ᏸ(,Ᏼ), we need to show that ∂(σ e (A) ∪ σ e (B)) ⊆ ∂σ e (M C ), where ∂C denotes the topological boundary of the compact set C ⊆ C. But since int σ e (M C ) ⊆ int(σ e (A) ∪ σ e (B)), it suffices to show that ∂(σ e (A) ∪ σ e (B)) ⊆ σ e (M C ). Indeed we have
where the last inclusion follows from (2.13) and the second inclusion follows from the punctured neighborhood theorem (cf. [7] ): for every operator T, Proof. This follows at once from Theorem 2.5.
Essential spectra of quasisimilar operators
The following lemma is used for proof of the main theorem. 
where
We are ready for proving the main theorem. 
